Let M be an orientable connected and compact real hypersurface of the complex space form C (n+1)/2 . If the mean curvature α and the function f = g(Aξ, ξ ) of hypersurface M satisfy the inequality n 2 α 2 ≤ (n 2 − 1)δ + f 2 , where ξ is the characteristic vector field, A is the shape operator and (n − 1)δ is the infimum of the Ricci curvatures of hypersurface M, then it is shown that α is a constant and M is the sphere S n (α 2 ) in C (n+1)/2 .
Introduction
The study of real hypersurfaces in complex space forms M(c) (Kaehler manifolds of constant holomorphic sectional curvature c) has been a very active area of research over the past two decades. This development is reported in detail in a recent article by Niebergall and Ryan [8] . The ambient space M(c), especially when c = 0, imposes quite significant restrictions. For instance, M(c), c = 0, does not admit totally umbilical or Einstein hypersurfaces and also their geodesic spheres do not have constant curvature. On the other hand, the case c = 0, for the study of real hypersurfaces in the complex space form C n , has a double advantage, as all the theory of the hypersurfaces in Euclidean space R 2n is available in addition to the tools from the real hypersurfaces in a complex space form M(c). Given a real hypersurface M in a complex space form M(c) with complex structure J and unit normal vector field N, the unit vector field ξ on a hypersurface M defined by J ξ = N is called the characteristic vector field of the hypersurface M. If A is the shape operator of the hypersurface M, then the smooth function f : M → R, defined by f = g(Aξ, ξ ), is called the characteristic function of the hypersurface, where g is the induced Riemannian metric M. For the sphere S n (c) in C (n+1)/2 , this characteristic function is a constant and is given by f = − √ c. The mean curvature α and the characteristic function of the real hypersurface S n (c) in C (n+1)/2 satisfy the equality
If we treat c as the infimum of the sectional curvatures of S n (c), then one is led to a natural question. 'Does the equation 
then α is a constant and M is the sphere S n (α 2 ).
Characterizing spheres among compact hypersurfaces in a Euclidean space is an important question in the differential geometry of hypersurfaces. Nomizu and Smyth (cf. [9, 10] ) have shown that compact hypersurfaces with a non-negative sectional curvature and of a constant mean curvature in a Euclidean space are spheres. Similarly, Ros [13] has shown that a compact embedded hypersurface of a constant scalar curvature in a Euclidean space is a sphere. There are other characterization theorems for spheres proved in [2-5, 7, 11, 12] . Most of these results characterizing spheres among immersed hypersurfaces in a Euclidean space assume that sectional curvatures be non-negative. We note that in the above theorem we do not require the sectional curvature of the hypersurface to be non-negative.
Preliminaries
Let M be an orientable real hypersurface of the complex space form C ((n+1)/2) . We denote the induced metric on M by g. Let ∇ be the Euclidean connection on C ((n+1)/2) and ∇ be the Riemannian connection on M with respect to the induced metric g. Let N be the unit normal vector field and A be the shape operator of M. Then the Gauss and Weingarten formulae for the hypersurface are
where X(M) is the Lie algebra of smooth vector fields on M. We also have the following Gauss and Codazzi equations:
where R is the curvature tensor field of the hypersurface and (∇A)(X, Y ) = ∇ X AY − A∇ X Y . The mean curvature α of the hypersurface is given by nα = i g(Ae i , e i ), where {e 1 , . . . , e n } is a local orthonormal frame on M. The square of the length of the shape operator A is given by
From equation (2) we get the following expression for the Ricci tensor field:
The scalar curvature S of the hypersurface is given by
Let J be the almost complex structure of
, there is an almost contact metric structure (φ, ξ, η, g) defined on M, where ξ is the characteristic unit vector field defined by J ξ = N , η is a smooth 1-form which is dual to ξ , that is, η(X) = g(X, ξ ), X ∈ X(M), and φ is a tensor field of type (1, 1) satisfying
X, Y ∈ X(M) (cf. [8] ). The following relations are well known for the real hypersurfaces:
Some lemmas
Let M be an orientable real hypersurface of the complex space form C ((n+1)/2) . Define vector fields u, v ∈ X(M) by u = ∇ ξ ξ and v = φ(u). Then, as ξ is a unit vector field, it follows that both vector fields u and v are orthogonal to ξ . Proof . From the definition of u and equation (7) we have u = φAξ . Operating φ on this equation
This equation gives
Taking the inner product with ξ in the above equation and using the fact that v is orthogonal to ξ , we arrive at 
Proof . Note that from the definition of the vector field u we have
Then the proof of (9) follows from equations (2) and (7). For equation (10), we have from the definition of v that ∇ X v = (∇ X φ)(u) + φ∇ X u. Then using equation (9) 
where we have used g((∇A)(X, Y ), Z) = g(Y, (∇A)(X, Z)) and equation (3). Now we use (9) to compute the divergence of vector field u to arrive at
where we have used equation (4) . Integrating this last equation over M, we get the result.
Proof of the theorem
Let M be an orientable compact and connected real hypersurface of the complex space form C ((n+1)/2) . Since the operator Aφ − φA is symmetric, we have Aφ − φA 2 = tr(Aφ − φA) 2 . Also tr(φA) 2 = tr(Aφ) 2 . Thus using equation (6) we conclude that
We use equations (4), (5) and (11) in Lemma 3.3 to conclude that
Since (n − 1)δ is the infimum of the Ricci curvature, S ≥ n(n − 1)δ and Aξ 2 ≥ f 2 , equation (12) gives the following inequality:
Thus, in light of the condition in the statement of the theorem, we get
and that Aφ = φA. Also equation (12) 
